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Abstract

The Bayesian Information Criterion (BIC) is an important tool for
model selection, but its use is limited only to regular models. Recently,
Watanabe [5] generalized the BIC to singular models using ideas from
algebraic geometry. In this paper, we compute this generalized BIC
for singular models factoring through regular models, relating it to
the real log canonical threshold of polynomial fiber ideals.

1 Introduction

In statistical learning theory, the Bayesian Information Criterion (BIC) is an
important tool for model selection. It is defined by

− log L0 +
d

2
log N

where L0 is the maximum likelihood, d the dimension of the model, and N the
sample size. The BIC is an asymptotic result derived for identifiable models
whose Fisher information matrix is positive definite [6, 5]. Such models are
called regular ; otherwise, they are singular. In 2001, Watanabe showed that
there are singular models for which the BIC is not asymptotically equal to
the Bayesian marginal likelihood [4]. He proved that under mild conditions,
the BIC can be generalized to singular models with the formula

− log L0 + λ log N − (θ − 1) log log N,
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where λ is the smallest pole of the zeta function

ζ(z) =

∫
Ω

K(ω)−zϕ(ω)dω, z ∈ C

and θ the multiplicity of this pole. Here, Ω is the model parameter space,
ϕ(ω) is a prior belief on Ω, and K(ω) the Kullback-Leibler distance to the
maximum likelihood distribution. In algebraic geometry, the pair (λ, θ) is
called the real log canonical threshold of K(ω). To compute (λ, θ), we need
to find a resolution of singularities for the analytic function K(ω), that is, a
change of variables ω(w) such that K(ω(w)) is a monomial function of w. By
a famous theorem of Hironaka [2], such resolutions always exist, but are in
practice difficult to find. Nonetheless, Watanabe’s work uncovered interesting
connections between statistical learning theory and algebraic geometry.

In a previous paper [3], we studied how resolutions of K(ω) may be found
for models on a finite discrete space {1, 2, . . . , k}. If the model is parametrized
by polynomials p1(ω), . . . , pk(ω), we showed that the pair (2λ, θ) is the real
log canonical threshold (RLCT) of the polynomial fiber ideal

〈p(ω)− q〉 := 〈p1(ω)− q1, . . . , pk(ω)− qk〉

where q1, . . . , qk are relative frequencies coming from the data. To derive the
RLCT, we monomialize the fiber ideal. Computationally, monomializing a
polynomial ideal is easier than monomializing an analytic function. More-
over, in nondegenerate cases, we can compute the RLCT of an ideal using a
geometric-combinatorial method involving Newton polyhedra.

In this paper, we continue this vein of study and describe fiber ideals for
non-discrete models. In particular, we explore models which factor through
regular models. Consider an regular model M1 over a parameter space U
with probability density function p(x|u,M1), u ∈ U . We say that a model
M2 over some space Ω factors through M1 if p(x|ω,M2) = p(x|u(ω),M1)
for some function u(ω). Such models occur frequently in statistical learning,
for instance, multivariate Gaussian mixed-graph models N (0, Σ) where the
covariance matrix Σ is parametrized by

Σ = (I − Λ)−T

(
K−1 0

0 Φ

)
(I − Λ)−1.

for some parameter matrices Λ, K and Φ. We will show that if the maximum
likelihood estimate û in M1 of the data also lies in M2, then the Bayesian
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marginal likelihood can be approximated using the RLCT of the fiber ideal

〈u(ω)− û〉.

We end by studying this result for exponential families and, specifically, for
multivariate Gaussian models.

2 Asymptotics of Laplace Integrals

In this section, we give an overview of the asymptotics of Laplace integrals

Z(N) =

∫
Ω

e−NK(ω)ϕ(ω)dω

where K(ω) and ϕ(ω) are analytic functions over some space

Ω = {ω ∈ Rd | g1(ω) ≥ 0, . . . , gl(ω) ≥ 0}

defined by analytic inequalities. Let K0 = infω∈Ω K(ω). First, observe that

Z(N) = e−NK0

∫
Ω

e−N(K(ω)−K0)ϕ(ω)dω

so we will now assume that inf K(ω) = 0. Then, such integrals have asymp-
totic expansions [1, 3, 5]

Z(N) ≈
∑

α

d∑
i=1

cα,iN
−α(log N)i−1, N →∞

where the sum is over positive rationals α and reals cα,i. The leading term

Z(N) ∝ N−λ(log N)θ−1, N →∞

is given by the smallest pole λ and multiplicity θ of the zeta function

ζ(z) =

∫
Ω

K(ω)−zϕ(ω)dω, z ∈ C.

We denote the pair (λ, θ) by RLCTΩ(K; ϕ). We order such pairs by (λ1, θ1) >
(λ2, θ2) if λ1 > λ2 or if λ1 = λ2 and θ1 < θ2.
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Following [3], we define RLCTs for ideals. Suppose I = 〈f1(ω), . . . , fr(ω)〉
is a finitely-generated ideal in the ring of functions real-analytic over Ω. Let
RLCTΩ(I; ϕ) denote the smallest pole and multiplicity of the zeta function

ζ(z) =

∫
Ω

(f1(ω)2 + · · ·+ fr(ω)2)−z/2ϕ(ω)dω, z ∈ C.

One can show that this definition is independent of the choice of generators
f1, . . . , fr for I. Furthermore, this RLCT is the minimum

RLCTΩ(I; ϕ) = min
ω∈VΩ(I)

RLCTΩω(I; ϕ)

of local RLCTs where Ωω is a sufficiently small neighborhood of ω in Ω and
VΩ(I) is the variety {ω ∈ Ω | f(ω) = 0 ∀f ∈ I}.

We now describe a geometric-combinatorial tool for computing the local
RLCT of the ideal I at an interior point ω0 ∈ Ω. After a translation, we may
assume that ω0 is the origin. Recall that I is an ideal of functions analytic
at the origin, and 0 ∈ V(I). Given f(ω) ∈ I, let f(ω) =

∑
α cαωα be its

power series expansion where ω = (ω1, . . . , ωd) and α = (α1, . . . , αd). Define
its Newton polyhedron P(I) ⊂ Rd to be the convex hull

P(I) = conv {α + α′ | α ∈ Zd
≥0, α

′ ∈ Rd
≥0,
∑

α

cαωα ∈ I, cα 6= 0}.

Given a face γ of P(I) and f(ω) =
∑

α cαωα, define the face polynomial

fγ =
∑
α∈γ

cαωα

and the face ideal Iγ = 〈f1γ, . . . , frγ〉 where f1, . . . , fr generate I. This ideal
is independent of the choice of generators. We say that the ideal I is sum-of-
squares(sos)-nondegenerate if and only if for all compact faces γ of P(I), the
variety V(Iγ) over the torus (R∗)d is empty; otherwise, I is sos-degenerate.

Theorem 2.1 ([3, Thm 5.7]). Let I be a finitely generated ideal of functions
analytic at the origin and let ϕ(ω) =

∑
τ cτω

τ . Then,

RLCT0(I; ϕ) ≤ min {(1/lτ , θτ ) | τ ∈ Zd
≥0, cτ 6= 0}

where each lτ is the τ -distance of P(I) and θτ its multiplicity. Equality occurs
when I is monomial or, more generally, sos-nondegenerate.
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3 Factoring through Regular Models

In this section, we prove our main theorem on approximating the Bayesian
marginal likelihood for models which factor through regular models. First,
given a vector or matrix M of analytic functions, let 〈M〉 denote the ideal
generated by the entries of M . We begin with the following proposition.

Proposition 3.1. Let u : Ω → U be analytic at ω0 ∈ Ω and K : U → R be
analytic at u0 = u(ω0) ∈ U . Suppose K(u0) = ∇K(u0) = 0 and the Hessian
of K(u) is full rank at u0. Then, for all ϕ(ω) analytic at ω0,

RLCTω0(K(u(ω)); ϕ) = (λ, θ)

where (2λ, θ) = RLCTω0(〈u(ω)− u0〉; ϕ).

Proof. Without loss of generality, let us assume that u0 is the origin. Let d be
the dimension of U . Then, there exists a choice of local coordinates u1, . . . , ud

such that the power series expansion of K(u) is u2
1+· · ·+u2

d+O(u3). Moreover,
there is a sufficiently small neighborhood Ũ ⊂ U of the origin such that

c(u2
1 + · · ·+ u2

d) ≤ K(u) ≤ C(u2
1 + · · ·+ u2

d), ∀u ∈ Ũ

for some positive constants c and C. Now, since u : Ω → U is continuous at
ω0, there exists some neighborhood Ω̃ ⊂ Ω of ω0 such that u(Ω̃) ⊂ Ũ . Thus,

c(u1(ω)2 + · · ·+ ud(ω)2) ≤ K(u) ≤ C(u1(ω)2 + · · ·+ ud(ω)2), ∀ω ∈ Ω̃

and so by [5, Remark 7.2],

RLCTω0(K(u(ω)); ϕ) = RLCTω0(u1(ω)2 + · · ·+ ud(ω)2; ϕ) = (λ, θ).

Finally, by definition, (2λ, θ) = RLCTω0(〈u(ω)− u0〉; ϕ).

Next, let us define regular models. A model M with parameter space U
is said to be identifiable if

p(x|u,M) = p(x|u′,M) ∀x ⇒ u = u′.

Given u0 ∈ U , we define the Kullback-Leibler distance to p(x|u0) as

K(u) = K(u‖u0) =

∫
p(x|u0) log

p(x|u0)

p(x|u)
dx.
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The Fisher information matrix I(u0) is then the Hessian matrix of K(u‖u0)
evaluated at u0, i.e.

Ijk(u0) =
∂2K

∂uj∂uk

(u0).

We say that M is regular if M is identifiable and its Fisher information
matrix I(u) is positive definite at all u ∈ U .

Now, given a modelM (not necessarily regular) and independent identically-
distributed samples x1, . . . , xN , the likelihood of the data given u is

L(u) =
N∏

i=1

p(xi|u)

while the Bayesian marginal likelihood of M is∫
U

L(u)ϕ(u)du = L0

∫
U

e−NK̂(u)ϕ(u)du

where ϕ(u) is a prior on U . Here, L0 is the maximum likelihood and

K̂(u) = − 1

N

(
log L0 +

N∑
i=1

log p(xi|u)

)
.

If there is a unique distribution q(x) giving the maximum likelihood, then
K̂(u) is the empirical Kullback-Leibler distance to q(x). For large sample
sizes N , we approximate the Bayesian marginal likelihood with the integral

Z(N) = L0

∫
U

e−NK(u)ϕ(u)du (1)

where K(u) is the classical Kullback-Leibler distance of p(x|u) to q(x).

Theorem 3.2. Let M1 and M2 be models with parameter spaces U and Ω re-
spectively such that M1 is regular and M2 factors though M1 via u : Ω → U .
Let x1, . . . , xN be independent identically-distributed samples whose maxi-
mum likelihood estimate in M1 is û ∈ U . If u−1(û) ⊂ Ω is nonempty, then
asymptotically as N →∞,

− log Z(N) ≈ − log L0 + λ log N − (θ − 1) log log N

where (2λ, θ) = RLCTΩ(I; ϕ) and I is the fiber ideal

I = 〈u(ω)− û〉.

Proof. Direct application of Proposition 3.1.
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4 Exponential Families

Let M be an exponential family

p(x|η) = h(x) exp{ηT T (x)− A(η)}

for some functions h(x), T (x) and A(η). Given independent and identically-
distributed samples x1, . . . , xN , the empirical Kullback-Leibler distance is

K̂(η) = (A(η)− ηT µ̂)− (A(η̂)− η̂T µ̂)

where

µ̂ =
1

N

N∑
i=1

T (xi)

and η̂ is the maximum likelihood estimate satisfying ∇A(η̂) = µ̂. Amazingly,
K̂(η) coincides with the classical Kullback-Leibler distance K(η) of p(x|η) to
p(x|η̂), so the approximation in (1) is actually exact. Therefore, the integral
Z(N) in Theorem 3.2 is the Bayesian marginal likelihood. We now apply the
theorem to some well-known regular exponential families.

4.1 Discrete Models

A discrete model with state space {1, 2, . . . , k} parametrized by state prob-
abilities p1, . . . , pk is an exponential family p(x|η) = exp{ηT T (x)} with

η = (log p1, . . . , log pk), T (x) = (δ(x− 1), . . . , δ(x− k)).

Discrete models are regular, so Theorem 3.2 gives us the results of [3].

4.2 Multivariate Gaussian Models

The probability density function of N (µ, Σ) is given by

p(x|µ, Σ) =
1

(2π)k/2|Σ|1/2
exp{−1

2
〈(x− µ)(x− µ)T , Σ−1〉}

=
1

(2π)k/2|Σ|1/2
exp{−1

2
〈xxT , Σ−1〉+ 〈x, Σ−1µ〉 − 1

2
〈µµT , Σ−1〉}
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This can be expressed as an exponential family with

h(x) =
1

(2π)k/2

η(Σ, µ) = (Σ−1, Σ−1µ)

T (x) = (−1

2
xxT , x)

A(Σ, µ) =
1

2

(
log |Σ|+ 〈µµT , Σ−1〉

)
.

Multivariate Gaussian models are regular, so we may apply Theorem 3.2. Let
N (µ(ω), Σ(ω)) be a model parametrized by ω ∈ Ω. Given data x1, . . . , xN ,
suppose the empirical mean and covariance matrix

µ̂ =
1

N

N∑
i=1

xi

Σ̂ =
1

N

N∑
i=1

(xi − µ̂)(xi − µ̂)T

lie in the model, i.e. there exists ω0 ∈ Ω such that µ(ω0) = µ̂ and Σ(ω0) = Σ̂.
Then, the Bayesian marginal likelihood Z(N) can be approximated by

− log Z(N) ≈ − log L0 + λ log N − (θ − 1) log log N

where (2λ, θ) is the RLCT of the fiber ideal

〈Σ(ω)− Σ̂, µ(ω)− µ̂〉.
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