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Abstract

Inference in Bayesian statistics involves the evaluation of
marginal likelihood integrals. We present algebraic
algorithms for computing such integrals exactly for discrete
data of small sample size. The underlying statistical models
are mixtures of independent distributions, or, in geometric
language, secant varieties of Segre-Veronese varieties.



Main Problem

How do we evaluate an integral like
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quickly and exactly for large Ui?

Incidentally, this integral is the rational number
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Statistical Motivation

Example: The Cheating Coin Flipper

The Deal: Each game consists of four coin tosses.
The Data: Out of 242 games,

#Heads 0 1 2 3 4
Frequency 51 18 73 25 75

The Dilemma:
Was the coin swapped between the games?

Model One Model Two
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Model One:
Parameters Coin: 0 ≤ θh, θt ≤ 1, θh + θt = 1

Prob(i heads) pi =
(

4

i

)
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Likelihood of data U LU (θ) = p51
0 p18

1 p73
2 p25

3 p75
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Model Two:
Parameters Coin 0: 0 ≤ θh, θt,≤ 1, θh + θt = 1

Coin 1: 0 ≤ ρh, ρt ≤ 1, ρh + ρt = 1

Choice of coin: 0 ≤ σ0, σ1 ≤ 1, σ0 + σ1 = 1

Prob(i heads) pi =
(
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)
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Likelihood of data U LU (θ) = p51
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Question: How do we do model selection?

Method 1: Maximum Likelihood
Compare the maximum values of the likelihood functions.

max
θ∈Θ

LU (θ)

Method 2: Marginal Likelihood
Integrate the likelihood functions over the parameter space.

∫

Θ
LU (θ)dθ



Marginal Likelihood Integrals

Very difficult to compute exactly.

Approximated using:
1. MCMC, importance sampling methods
2. Asymptotic formulas like BIC, Laplace, etc.

Accuracy of above methods and formulas questionable.

Our Goals

Show that they can be computed exactly in many cases
previously thought impractical.

Provide a standard for comparison in research on
approximation methods.

Develop new algebraic, combinatorial and geometric
methods for solving such problems.



Computation

We compute marginal likelihood integrals exactly for the
following class of statistical models:

Mixtures of Independence Models

Random Variables
X
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∈ {0, . . . , tk} identically distributed.

Model Parameters
θ(1) = (θ
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) ∈ ∆t1 .
. . .

θ(k) = (θ
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(k)
tk

) ∈ ∆tk
.

Independence Model
d = #parameters = (t1 + 1) + (t2 + 1) + · · · + (tk + 1),
n = #outcomes = (t1 + 1)s1 (t2 + 1)s2 · · · (tk + 1)sk .
Can be represented by a d × n matrix A, where
the column av corresponds to the probability pv = θav .

Two-mixtures pv = σ0θav + σ1ρav , σ = (σ0, σ1) ∈ ∆1.

Data U = (Uv), N =
P

v
Uv .



Key Formula :
Integrating a monomial over a simplex

∫

∆m
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m dθ =
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(b0 + b1 + · · · + bm + m)!

Formula for Independence Model :
Let b = AU , P = ∆t1 × · · · × ∆tk

. Since LU (θ) = θb,
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Formula for Mixture Model :
Let Θ = ∆1 ×P ×P . Expanding

∏

v(σ0θ
av +σ1ρ

av)Uv gives

LU (σ, θ, ρ) =
∑

b

φA(b, U)σ(b,c)/aθbρc

∫

Θ
LU (σ, θ, ρ) dσdθdρ =

∑

b

φA(b, U)

∫

∆1

σ(b,c)/adσ

∫

P
θbdθ

∫

P
ρcdρ

where φA(b, U) is the coefficient of θb in the expansion of
∏

v(θ
av + 1)Uv , c = AU − b, and a the column sum of A.



Computational Considerations :

In the expansion of LU (σ, θ, ρ) =
∏

v
(σ0θ

av + σ1ρ
av )Uv ,

naive estimate of number of monomials is
∏

v
(Uv + 1).

Actual number of monomials is a lot less.
e.g. Coin Flipper model: 144,469,312 vs 48,646.
Idea: exploit this reduction in the computation.

Bottleneck is in computing φA(·, U). A naive method is to use the
formula φA(b, U) =

∑

Ax=b

∏n

v=1

(

Uv

xv

)

.
Idea: use recurrence formula

φA(b, U) =

Un
∑

xn=0

(

Un

xn

)

φA\an
(b − xnan, U \ Un)

Monomials correspond to certain lattice points in a zonotope Z of
dimension rank(A). In fact, these points are the image of the lattice
points of the hypercuboid

∏

v
[0, Uv] under the linear transformation A.

Idea: exploit low rank of A to store φA(·, U) efficiently.



Some other tricks:
1. Only need to sum half the terms because of symmetry.
2. Precompute and look-up values of factorials.
3. Computation is highly parallelizable.

Computational results

Time(seconds) Memory(bytes)

Ignorant Integration1 16.331 155,947,120

Naive Expansion2 0.007 458,668

Time(minutes) Memory(bytes)

Naive Expansion2 43.67 9,173,360

Our method 1.76 13,497,944
1. Using Maple’s standard integration command int .
2. Using naive expansion of integrand with

Q

v(Uv + 1) terms.



Comparison with Approximations

Given a statistical model, let d be its dimension
and L(θ̂) the maximum likelihood.

Bayesian Information Criterion (BIC)

log

∫

Θ

LU (θ)dθ ≈ log L(θ̂) −
d

2
log N

Laplace Approximation

log

∫

Θ

LU (θ)dθ ≈ log L(θ̂) −
1

2
log | detH(θ̂)| +

d

2
log 2π

where H is the Hessian of the log-likelihood function log L.



Computational Results
We compute the marginal likelihoods exactly for the
Cheating Coin Flipper example using our method, and
compare them with the BIC and Laplace approximations.

Model One: 0.5773010423 × 10−56 (Actual)
0.9279595380 × 10−56 (BIC)
0.5777455911 × 10−56 (Laplace)

Model Two: 0.7788716339 × 10−22 (Actual)
0.3706788423 × 10−22 (BIC)
0.4011780794 × 10−22 (Laplace)



Approximation via Resolution of Singularities
Consider the two hidden binary tree models below
(cf. Geiger and Rusakov, 2002)

M1 : pv = (σ0θ
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v1 θ
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v3 + σ1ρ
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v1 ρ
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v2 ρ

(3)
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M2 : pv = θ
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v2 (σ0θ
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(5)
v5 ρ

(6)
v6 )

Using Watanabe’s method of approximating the integral
using resolution of singularities, it was shown that despite
having a lower BIC score than M1, asymptotically model M2

has a higher marginal likelihood than M1.



We generated data of sample size N = 36 using the
prescribed true distribution and computed the marginal
likelihoods exactly with our methods.

M1 2673620257358279100801924830063571461298286189
595389791326672092336165244431090566358136576942917805560000000

≈ 0.449 × 10−17

M2 48293401975547884279365197096430603703508201757248809211637315169
8732484029714998183282865631784595248815965898643112874434441522952944832000000000

≈ 0.553 × 10−17

This calculation agrees with the earlier prediction.
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