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X random variable with state space X (e.g. {1,2,...,k}, RF)
/A space of probability distributions on X’

MCA statistical model, image of p : 2 — A
Q parameter space

p(x|w)dx distribution at w € €2

@(w)dw  prior distribution on

Given samples X1, ..., X of X, define marginal likelihood
N
Zy = [ T[p(Xkw) pw)de
0
1=1

Given q € A, define Kullback-Leibler function

K(w)zfxq(a:) log 4(z) dz.

p(z|w)
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Suppose samples Xi,..., Xy are drawn from distribution ¢ € M.
Define empirical entropy Sy = — % Ly N logq(Xy).

Convergence of stochastic complexity (Watanabe)
The stochastic complexity has the asymptotic expansion

—log Zny = NSy + A\glog N — (60, — 1)loglog N + Ry

where R converges in law to a random variable. Moreover,
A\g, 0, are asymptotic coefficients of the deterministic integral

Z(N) = /Qe_NK(w)gp(w)dw ~ CN i (log N)¥a—1,

For regular models, this is the Bayesian Information Criterion.
Various names for (A, 6,):
statistics - learning coefficient of the model M at ¢
algebraic geometry - real log canonical threshold of K (w)
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Z(N) = /Qe_Nf(w)go(w)dw ~ e N L.CON"log )Y}

Integral asymptotics depend on minimum locus of exponent f(w).

flz,y) = 2* +y?

Plots of integrand e~V (@%) for N = 1 and N = 10
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Let Q) C R% and f

: () — R analytic function.

e Wesayp: U — () desingularizes f if

1. U is a d-dimensional real analytic manifold covered
by coordinate patches Uy, . .., Us (=~ subsets of R%).

2. For each restriction p : U; — €,

fop(p)=a(p)p®, detdp(u)=>bu)u"
where a(u) and b(u) are nonzero on Uj.

e Hironaka (1964) proved that desingularizations always exist.

RLCT of monomial functions (Arnold  -Gusein-Zade -Varchenko)

Z(N) = /Qe_N“’fl"""’gdw;1 - widw ~ CN~*(log N)9—L

where A\ = min;

”}:1 , 0 = number of times minimum is attained.
(2
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Algorithm for Computing RLCTs

Z(N) = /Q e NI (w)dw ~ e NI . N (log NYP—1

Input
Semialgebraic set Q = {w : g1(w) >0, ..., g (w) > 0} C RY
Analytic functions f,p : Q2 — R

Output
Asymptotic coefficients f*, \, 6

1. Find minimum f* of f over ).

2. Find a desingularization p for product (f — f*)g1 - - - gi.

3. Use AGV Theorem to find coefficients \;, 6; on each patch U;.
4. A =min{\;}, 0 = max{0; : \; = \}.

Upper bound (trivial) A <

NI DN

Upper bound (Watanabe) A < =( codim of minimum locus of f )
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Exploiting Polynomiality

Integral Asymptotics

RLCTs

e Polynomiality
® RLCTs of Ideals
@ Discrete-Gaussian

e Geometry

Newton Polyhedra

Computations

How do we desingularize K (w) = [, ¢(x)log %daz?

e Algorithms (e.g. Bravo-Encinas-Villamayor) intractable
e Many models parametrized by polynomials. Exploit this?

Regularly parametrized functions

e Afunction f : {2 — Ris regularly parametrized if it factors
0O-5U-LR
where U C R¥ nbhd of origin, u is polynomial, g has unique

minimum ¢(0) = 0 at the origin and det 9%¢(0) # 0.
e For such functions, define fiber ideal

I'=(ui(w), ..., up(w)) C Rlws, ..., wql.
The variety V(1) is the fiber f~1(0).

Equivalence (Watanabe) RLCT of f = RLCT of u% + -+ uz
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Givenideal I = (fi(w),..., fr(w)) C Rlwy,...,wq],
polynomial ¢ (w), semialgebraic 2 C R,

The real log canonical threshold (A, 8) of I at x € (2 satisfies
/ e~ NUT++F) p(w)dw ~ CN *logN)?1
Qg

for suff small nbhd €2, of x in 2. Denote (A, 0) = RLCTq_(I; ).

Properties

e Definition is independent of choice of generators f1, ..., f.
e )\ positive rational number, 6 positive integer.

e Depends on structure of boundary 0€2 if x € 0.

e Order the (A, 0) by the value of N*(log V)~ for large V.
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e Discrete models with state probabilities p(w).
Fiber ideal at a true distribution p

I; = (pi(w) — Pi)i

e Gaussian models with mean p(w) and covariance X (w).
Fiber ideal at a true distribution N (i, X2)

I ¢ = (i(w) — i, Xij(w) — Bij)i

Learning coefficients and RLCTs of fiber ideals (L.)
If the true distribution ¢ is in the model,
then the learning coefficient (\y, ;) is given by

2, 0,) = min RLCTq (I,:
(2A¢,04) i Qe (Lg5 ©)

where [, is the fiber ideal at ¢ and V(1,;) C 2 is the fiber over g.
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e.g. Let [ = (2% 2%y, zy?, y*) and 7 = (1, 1).

Newton polyhedron T-distance

The 7-distance is [, = 8/5 and the multiplicity is 6, = 1.
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e.g. Let [ = (2% 2%y, zy?, y*) and 7 = (2, 1).

Newton polyhedron T-distance

The T-distance is [ = 1 and the multiplicity is 6, = 2.
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Given anideal I C Rfw,...,wy],

1. Plot o € R? for each monomial w® appearing in some f € I.
2. Take the convex hull P () of all plotted points.

This convex hull P(I) is the Newton polyhedron of 1.

Given a vector T € Zio, define

1. r7-distance [, = min{t : t7 € P(I)}.
2. multiplicity 6, = codim of face of (/) at this intersection.

Upper bound and equality for RLCT (L.)
If .- is the T-distance of P () and 6 is its multiplicity, then

RLCTq(I;w™ 1) < (1/14,6,).

Equality occurs when [ is a monomial ideal.
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132 Schizophrenic Patients (Evans -Gilula -Guttman)

Singular Learning

Naive Bayes network with 2 ternary variables, 2 hidden states.

Integral Asymptotics

Model parametrized in w = (¢, a1, as, ..., ds) by
RLCTs

ta1b1 —|— (1 — t)Cldl tCleQ —|— (1 — t)CldQ ta1b3 —|— (1 — t)C1d3

Newton Polyhedra p — tas by + (1 — t)Cle tasbs + (1 — t)CQdQ tasbs + (1 — t)62d3 .
ta3b1 + (1 — t)C3d1 tagbg -+ (1 — t)C3d2 ta3b3 + (1 — t)C3d3

Computations

® Schizo Patients

o Model Definition Assume true distribution p;; = % for all , 7.
® Fiber Ideal
® Grobner Basis
o Wil At Compute RLCT of fiber ideal
R R 2
I'={pn(w) —p,...,ps3(w) — D) N
atthe point» = (5, %, %,...,35) € V(I).| '3 3

Computations using our library asymptotics.m2 show that
RLCT4(I;1) = (6,2).

All other learning coefficients can be computed in this fashion.
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® Schizo Patients
® Model Definition
e Fiber Ideal

® Grobner Basis

@ Monomialization

il

o7 :

Macaulay2, version 1.4
with packages: ConwayPolynomials, Elimination,

IntegralClosure, LLLBases,
PrimaryDecomposition, ReesAlgebra,
TangentCone

: load "asymptotics.m2";
i2
i3 :
id
ib5 :
i6 :
i7

= QQ[t,al,a2,bl,b2,cl1,c2,d1,d2];

= matrix {{al,a2,1-al-a2}};

= matrix {{b1,b2,1-b1-b2}};

= matrix {{cl,c2,1-cl1-c2}};

= matrix {{d1,d2,1-d1-d2}};

= tx(transpose A)*B + (1-t)*(transpose C)*D;
3 3

Matrix R <--- R

o Qo> X
I
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® Schizo Patients
® Model Definition
e Fiber Ideal

® Grobner Basis

e Monomialization

Maps for shifting the origin to w and evaluating a polynomial at w.

18 : shift =

19 : eval =

map(R,R,{t+1/2,a1+1/3,a2+1/3,b1+1/3,b2+1/3,

cl+1/3,c2+1/3,d1+1/3,d2+1/3});

map(R,R,{1/2,1/3,1/3,1/3,1/3,

1/3,1/3,1/3,1/3});

The true distribution.

110 : eval P
010 = {-1} |
{-1} |
{-1} |

1/9 1/9 1/9
1/9 1/9 1/9
1/9 1/9 1/9

The fiber ideal.

i11 : I =
ol1l

ideal (shift P - eval P);
Ideal of R
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Grbbner Basis

Singular Learning Grobner basis of the fiber ideal.
Integral Asymptotics
RLCTs 112 : I = ideal gens gb I

012 = ideal (a2*d2, al*d2, b2*%dl - blx*d2, a2*dl, alxdil,

Newton Polyhedra

b2*c2, bl*c2, b2*cl, bl*cl, a2*%cl - al*c2,

Computations

o Schio Pations 2t*b2 - 2t*d2 + b2 + d2, 2t*bl - 2t*dl + bl + di,
e Model Definition 2t*a2 - 2t*xc2 + a2 + c2, 2txal - 2txcl + al + c1i,
2 Fleey lefsel 2t*c2*xd2 - c2xd2, 2txcl*d2 - clx*d2,

@ Grobner Basis

2t*xc2*xdl - c2*xdl, 2t*xclxdl - clx*xdl)

@ Monomialization

Preliminary upper bound of the RLCT.

i13 : RLCT(I,1)
[RLCT] Warning: Output RLCT is an upper bound.

ol3 = (8, 1)

To compute the RLCT, we transform [ into a monomial ideal.
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® Schizo Patients
® Model Definition
e Fiber Ideal

e Grobner Basis

@ Monomialization

Grobner basis of the fiber ideal.

112 : I = ideal gens gb I

012 = ideal (a2*d2, al*d2, b2*%dl - blx*d2, a2*dl, alxdil,
b2*c2, bl*c2, b2*cl, bl*cl, a2*%cl - al*c2,
2t*b2 - 2t*d2 + b2 + d2, 2t*bl - 2t*xdl + bl + di,
2t*a2 - 2t*c2 + a2 + c2, 2t*al - 2t*cl + al + cli,
2t*c2*xd2 - c2*d2, 2t*xcl*xd2 - clxd2,
2t*xc2*xdl - c2*xdl, 2t*xclxdl - clx*xdl)

The red generator prevents / from being a monomial ideal.
Replace it with new indeterminate (35 via the change of variable
B B — (1 — 2t)ds

14 2¢
which is a real-analytic isomorphism near the origin.

b2

We can also accomplish this by introducing a new polynomial
— B9 + 2tby — 2tdy + by + ds to the ideal and eliminating bs.
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@ Monomialization

114
115 :
i16 :

117
ol7 =

R1 = QQ[t,al,a2,bl1,b2,cl1,c2,d1,d2,bbl,bb2,ccl,cc2];
1iftR1 = map(R1,R,{t,al,a2,bl,b2,c1,c2,d1,d2});
I1 = (1iftR1 I) + ideal(
-bb2 + 2%t*b2 - 2*%t*xd2 + b2 + d2,
-bbl + 2*%t*xbl - 2*%txdl + bl + di,
—-cc2 + 2%t*xa2 - 2*%t*c2 + a2 + c2,
-ccl + 2xt*al - 2*t*xcl + al + cl);
I1 = eliminate({c1,c2,b1,b2},I1)
ideal (cc2, ccl, bb2, bbil,
a2*xd2, alxd2, a2*xdl, alxdil)

Finally, we have a monomial ideal so we can compute its RLCT.

118 :

RLCT(I1,1)

ol8 = (6, 2)
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@ Monomialization

“Algebraic Methods for Evaluating Integrals in Bayesian Statistics”
http://math.berkeley.edu/~shaowei/swthesis.pdf
(PhD dissertation, May 2011)
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Let [w®] f denote coefficient of monomial w® in polynomial f.

Given v C R? and poly £, define face poly f, = Zae,y([wo‘]f)wo‘.
Given v C R? and ideal I, define face ideal I, = (f, : f € I).

We say [ is sos-nondegenerate if for all compact faces v C P(I),
the real variety V() does not intersect the torus (IR*)<.

Remark sos = sum-of-squares. Saia has similar notion of
nondegeneracy for ideals of complex formal power series.

Proposition (L.) If I = (fi,..., f,) and y is a compact face
of the Newton polyhedron P (1), then Iy = (fiv,-- -, frv)-

Proposition (L.) RLCT(I;w™ 1) = (1/1,,0;) if I is sos-ndg.

Proposition (Zwiernik)  Monomial ideals are sos-ndg.
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Using fiber ideals and toric blowups, we were able to compute
higher order asymptotics of the statistical integral

Z(N) = / (1 — 22y )N 2 dady ~
[0,1]2

v 1 1
\/ “N-%logN —\/ 3 —2log2 — v | N2
o5 8 (logQ o5 7)

1
_INllogN - 1—v N
7R T3 <1og2+ 7)
V2 V2 1 10
——WN__logN + i —2log2 — — —~v | N~ 2
128 128 \ log 2 3
1
_ - N2
24 i

x|

Euler-Mascheroni BT & - N
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ZN = /Qsz'j(w)U” p(w)dw

Using Watanabe’s Singular Learning Theory,
—log Zn ~ — ZU’U log gij + Aqlog N — (0, — 1) loglog N
2,J
where the learning coefficient (A,, 6,) is given by

( (5/2,1) if rankq =1,
O 6) = 1 (7/2,1) ifrankq=2,q¢;2§;U[Q>5]a
9> 7q (4,1) if rankg=2,qe[2 %] \[25]
\ (9/2,1) if rankg =2, g € [2 5]

Here, q € |
q € |

| if for some 4, j, g¢;; = 0 and ¢;5 q;ji qj; # 0,
| if for some 4, j, gii = ¢j; = 0 and ¢;; qj; # 0.

X
X
X
0

XOo XO
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Question : The learning coefficients (A, 8,) of a statistical model
M depend on the true distribution ¢ of the data which is unknown.
How do we use these coefficients for model selection?

Proposal : The ML criterion and BIC may be expressed as:

ML = max {— Zi\il log q(Xi)},
qeEM

BIC = max {— Zf\il log ¢(X;) + Zlog N}
qgeM

For singular models, the BIC naturally generalizes to

m?\il({_ SN log ¢(Xi) + Aglog N — (8, — 1) loglog N'}.
qe

(Maximize marginal likelihood approx over all true distributions.)

Conjecture : The generalized BIC for singular models is consistent.
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