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Occasionally Dishonest Coin-Tosser

#® The Deal:
Four coin tosses. If all equal, you lose.
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Occasionally Dishonest Coin-Tosser

#® The Deal:
Four coin tosses. If all equal, you lose.

® The Real Deal:
Two coins are involved, one fair and one biased.
Most of the time, he uses the fair coin,
but occasionally, he uses the biased coin.
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Occasionally Dishonest Coin-Tosser

#® The Deal:
Four coin tosses. If all equal, you lose.

® The Real Deal:

Two coins are involved, one fair and one biased.
Most of the time, he uses the fair coin,
but occasionally, he uses the biased coin.

® The Data, U:

#Heads Ol 1| 2| 3| 4
#Occurrences |51 |18 | 73 | 25| 75
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Occasionally Dishonest Coin-Tosser

® Model 1:
Coin: 0< Gh,ﬁt <1, 6,+6,=1.

Probability of i heads, p; = (5)6.6, " .
Likelihood of data, Ly (0) = Zpg'pi®pi®p3opi® = Z443673073%042°,
where Z = 242!/(51! - 18! - 73! - 25! - 75!).
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Occasionally Dishonest Coin-Tosser

® Model 1:
Coin:

Probability of ¢ heads, p; =
Likelihood of data, Ly (0) =
where 7 =

® Model 2:
Coin O:
Coin 1:
Choice of coin:
Probability of < heads, p; =
Likelihood of data, Ly () =

O S €h7 915 S ]-1

A4\ ni n4—1
(7)030, " -
Zpglp%8p53p§5pz5 — Z443673923992129’

242! /(51! - 18! - 73! - 25! - 751).

0;, + 6, = 1.

0, + 60, = 1.
prn+ pr = 1.

0 S ehyetyg 11

Oéphapté ]-1
0<og,00 <1, o09+o1 =1
4—i

(3) (00050, + o1phpi ).

ZpatpipTPp3oplP.
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Occasionally Dishonest Coin-Tosser

#® Question: How do we do model selection?
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Occasionally Dishonest Coin-Tosser

#® Question: How do we do model selection?

® Method 1: Maximum Likelihood
Compare the maximum values of the likelihood functions.
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Occasionally Dishonest Coin-Tosser

#® Question: How do we do model selection?

® Method 1: Maximum Likelihood
Compare the maximum values of the likelihood functions.

# Method 2: Marginal Likelihood

Integrate the likelihood functions over the parameter space.

/@ Lo (6)do

® Can be viewed as “average” probability of model.
® Probability measures on the parameter space represent prior beliefs.

® Max. likelihood is integrating with unit measure on the set of optimal parameters.
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Marginal Likelihood Integrals

Current State of Affairs
Very difficult to compute exactly.
Tackled using MCMC, importance sampling methods.
Approximation formulas limited to special cases.
Accuracy of above methods and formulas questionable.

Our Goal

Show that they can be computed exactly in many cases
previously thought impractical.
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Mixtures of |ndependence M odels

Coin Toss Example

Random Variables
X1,X2,...,X4 € {0,1} identically distributed.

Model Parameters
0,01, 0 € Aq.

Independence Model

py = 6%v, where a, are the columns of a 2 x 16 matrix

poooo Pooo1r pPooio ... P110o1 P1110 P1111
A 6o 4 3 3 e 1 1 0
0 0 1 1 ... 3 3 4
TWO'M'Xture Py = 0090% + o1p%v, o€ A1
Three-Mixture Py = 000 + o1p% + 027, o € Ao,
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Mixtures of |ndependence M odels

xM xV o x) e {o,... 1} identically distributed,
® Random Variables
xF x x ) e fo,... t,} identically distributed.
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Mixtures of |ndependence M odels

xM xV o x) e {o,... 1} identically distributed,
® Random Variables
xF x x ) e fo,... t,} identically distributed.

5,0, e, e ey,
® Model Parameters
057,00, 00, 0 e A,
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Mixtures of |ndependence M odels

xM xV o x) e {o,... 1} identically distributed,
® Random Variables
xF x x ) e fo,... t,} identically distributed.

5,0, e, e ey,
® Model Parameters
057,00, 00, 0 e A,

Can be represented by a d x n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + - - - + (tx + 1),
n = #outcomes = (t1 + 1)t (t2 + 1)%2 - - - (g + 1)°k.
The column a, corresponds to the probability p, = 6%v.

® Independence Model
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Mixtures of |ndependence M odels

xM xV o x) e {o,... 1} identically distributed,
® Random Variables
xF x x ) e fo,... t,} identically distributed.

5,0, e, e ey,
® Model Parameters
057,00, 00, 0 e A,

Can be represented by a d x n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + - - - + (tx + 1),
n = #outcomes = (t1 + 1)t (t2 + 1)%2 - - - (g + 1)°k.
The column a, corresponds to the probability p, = 6%v.

® Independence Model

® Mixtures Py = 0090 4+ ...+ op, o€ A
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Mixtures of |ndependence M odels

xM xV o x) e {o,... 1} identically distributed,
® Random Variables
xF x x ) e fo,... t,} identically distributed.

5,0, e, e ey,
® Model Parameters
057,00, 00, 0 e A,

Can be represented by a d x n matrix A, where

d = #parameters = (t1 + 1) + (t2 + 1) + - - - + (tx + 1),
n = #outcomes = (t1 + 1)t (t2 + 1)%2 - - - (g + 1)°k.
The column a, corresponds to the probability p, = 6%v.

® Independence Model

°

Mixtures Py = 0090 4+ ...+ op, o€ A

°

Data U=(U,), N=3, U,
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Exact Formula for the Integral

Main Formula:

ml byl - byl by
bo + b1+ + by +m)!

/ g%t ... gom dh =
Am (
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Exact Formula for the Integral

Main Formula:

o bo! - byl by,
/ 0 m (bo + b1+ -+ + by, +m)!

m

Independence Model:

Ly®) = Z-6°
kb1 ()
/LU(H) o = 7z [] ———= Li
) i1 (SiN—i—ti)!

where Z = N!/ ][, U,!and b = AU.
Recall that the maximum likelihood of an independence model is easy to compute.
Here, we see that its marginal likelihood is also easy to compute.
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Exact Formula for the Integral

Main Formula:

o bo! - byl by,
9b09b1..’.9bwu19 — m 0 m
/ 0 m (bo + b1+ -+ + by, +m)!

m

Mixture of Independence Model:
Lu(o,0,p) = Z-][(000" +o1p")"

- 7. Z H(b) - o) . gb . ,B(0)
b

/LU(U,Q,p) dododp = Z-Y _ ¢(b) /ao‘(b)da /ebdefpﬁ“’)dp
> A © ©

A1 XOX0O 1

where ¢(b) is the coefficient of 6 in the expansion of [, (6% + 1)Uv,

B(b) = AU — b, and a(b) = comnsum o A (0 5(0)).
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Exact Formula for the Integral

Formula:

/LU(a,e,p) dodfdp = Z - $(b) /ao‘(b)da /Ode /p5<b>dp
, Aq e ©

A1 XOXO

Computational Considerations:

® Bottleneck is in computing ¢(-).
Use the sum-product algorithm (dynamic programming).
Exploit low rank of matrix A to store, compute ¢(-) efficiently.

Only need to sum half the terms because of symmetry.
Precompute and look-up values of factorials.

Computation is highly parallelizable.

e o o o

Maple library:
http:// mat h. berkel ey. edu/ ~shaoweil /1 ntegral s. ht n
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http://math.berkeley.edu/~shaowei/integrals.html

Approximations of the Integral

Question:
Suppose U = NY where Y is a fixed vector with > Y, = 1.
As N — oo, how does the log marginal likelihood behave?

log / LU (9)d9
©
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Approximations of the Integral

Question:
Suppose U = NY where Y is a fixed vector with > Y, = 1.
As N — oo, how does the log marginal likelihood behave?

Answer 1:

log/ Ly (0)dd — —oc
©

Exact Evaluation of Marginal Likelihood Integrals — p. 14/



Approximations of the Integral

Question:
Suppose U = NY where Y is a fixed vector with > Y, = 1.
As N — oo, how does the log marginal likelihood behave?

Answer 2: BIC Score

log / Ly(0)do =~ logL(é)—glogN
©

A

where d is the dimension of the model and L(6) is the maximum likelihood.
BIC stands for Bayesian Information Criterion.

Assumes that the model is in the exponential family. In particular, the

model has one local maxima. As N — oo, the “main bulk” of the integral
accumulates near the maximum likelihood.
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Approximations of Integral




Approximations of the Integral

Question:
Suppose U = NY where Y is a fixed vector with > Y, = 1.
As N — oo, how does the log marginal likelihood behave?

Answer 3: Laplace Approximation

N ]_ I~ d
log/ Ly(0)dd =~ logL(0)— §log\det H(0)|+ §log 27
e

where H is the Hessian of the log-likelihood function log L.

Only assumes that L is twice differentiable, convex and achieves
maximum on internal point.
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Back to the Coin Tosser

#® Maximum Likelihood

Independence: 0.1443566234 x 104
Mixture: 0.1395471101 x 1018
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Back to the Coin Tosser

#® Maximum Likelihood

Independence: 0.1443566234 x 104
Mixture: 0.1395471101 x 1018

# Marginal Likelihood

Independence: 0.5773010423 x 10~
Mixture: 0.7788716339 x 10~2? (Actual)
0.3706788423 x 10~2% (BIC)
0.4011780794 x 10~2? (Laplace)
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Back to the Coin Tosser

#® Maximum Likelihood

Independence: 0.1443566234 x 104
Mixture: 0.1395471101 x 1018

# Marginal Likelihood

Independence: 0.5773010423 x 10~
Mixture: 0.7788716339 x 10~2? (Actual)
0.3706788423 x 10~2% (BIC)
0.4011780794 x 10~2? (Laplace)

# In fact,
the marginal likelihood for the mixture model is exactly...
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Back to the Coin Tosser

28057480352223130671353980140753619759788646222352256160544 7598167473678
179944347671964920094262857814142954778919484575794494634597/087353102304
248971276283376084577405257325023105529808465270322581978551567580758925
110257675297117544861385260550659152812547614120802176732047030181879109
493690844304 745407842533226543567040606519/7/83806275290934774387083402120
463897269764933451955441347142204399057543578963206568930497371729769606
041563240074105056347734223863639964738475530800977857245483838909692596
88769804869503436965543936

360232407133812587457756267196205462833914725679174649607729866457949943
683688904948668950705146387926432815384516200228517822445366346027908075
890415694594639097772451285931203609676574631396902054177534690776699818
039776960929933980426601020754860387098086112935817383960726045468340208
300550895924890290334034/7/66367/060574717661999313960788983299986760335032
007048283774068706760885200472649374242862358839016056687454944072436048
444216340490002439651668585137180542401382177574644469861470630010513996
2637751537933349/6819060141283354099489865061875.
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BIC can bewrong

Consider the two models above and data below (IN=36).

X1X2X3

000
001
010
011
100
101
110
111

000

001

010

X4 X5 X6
011 100
1 3
1 2

101

110

111
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BIC can bewrong

&) & @ @ & &) & &)
Model Selection:

® BIC Score: M1's score is better than M2’s.
® Actual Marginal Likelihood:

M1 2673620257358279100801924830063571461298286189
595389791326672092336165244431090566358136576942917805560000000

~ 0.449 x 10—17

M2 48293401975547884279365197096430603703508201757248809211637315169
8732484029714998183282865631784595248815965898643112874434441522952944832000000000

~ 0.553 x 10— 17

Thus, a true Bayesian should choose M2 over M1,
even though the BIC score tells him otherwise!
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