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Abstract

In Bayesian statistics, marginal likelihood integrals are important

for model selection. Unfortunately, they are generally difficult to com-

pute. We present algebraic algorithms for evaluating such integrals

exactly for small sample sizes, and compare them with some existing

approximations. Our methods will be applied to mixtures of discrete

independence models, and are available as a library in Maple.

1 Introduction

Model selection is an important area of study in statistics because it oc-
curs frequently in applications such as machine learning and computational
biology. Typically, given some data and some parametric models, we wish
to determine which model best describes the data. There are two general
approaches to accomplishing this. The first is to solve for the parameters
in each model that maximizes the likelihood function for the given data.
The model which generates the largest likelihood value is deemed the best
model. The second method involves integrating the likelihood function over
the parameter space of each model. This integral is known as the marginal
likelihood, and may be thought of as the “average” probability of the model
over its parameter space. The model with the largest integral is chosen. This
method is particularly useful when there are prior beliefs about the parame-
ters defining the model. In this case, the integral is in some sense performed
over a weighted parameter space.

∗Joint work with Bernd Sturmfels and Zhiqiang Xu.
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Unfortunately, marginal likelihood integrals are generally difficult to com-
pute. Rather than evaluating them exactly, the common practice is to ap-
proximate them via Markov Chain Monte Carlo (MCMC) or importance
sampling methods. There are also some approximation formulas which only
work for certain classes of models. Furthermore, the accuracy of the esti-
mates achieved by these methods and formulas is usually questionable. In
this paper, we present methods for evaluating the integrals exactly for dis-
crete data with small sample sizes. The marginal likelihoods of the models
we study are rational numbers, and exact evaluation means finding that ra-
tional number rather than its floating point approximation. Our interest in
developing these methods was inspired by recent developments which have
found a link between the approximations and resolution of singularities in
algebraic geometry [3, 5, 8, 9].

To demonstrate the scope of our methods, consider the following example
of the occasionally dishonest coin tosser, a variant of the occasionally dishon-
est casino mentioned in [2] and [7, Ex 1.3]. Suppose a friend, an avid coin
tosser, approaches you with a deal. He will take a quarter and toss it four
times. If all four outcomes are heads or all four of them are tails, he wins;
otherwise, you win. Thinking that you have got yourself a good deal, you
agree. However, after playing the game several times with him, you suspect
that things are not really what they seem. It appears as though he has two
coins up his sleeves which he switches between occasionally. Being the cun-
ning statistician that you are, you decide to observe several games and do
some analysis. Below is a table summarizing your findings [6, Ex 9].

Number of heads 0 1 2 3 4
Number of occurrences 51 18 73 25 75

In particular, there are two models under consideration. This first model
assumes that there is one coin, with head and tail probabilities θh and θt,
(θh, θt) in the 1-simplex ∆1. The second model supposes that there are two
coins, with probabilities (θh, θt) ∈ ∆1 and (ρh, ρt) ∈ ∆1 respectively. The
coin tosser chooses between the first and second coins with probabilities σ0

and σ1, (σ0, σ1) ∈ ∆1. We denote the observed data by the vector Ũ =
(Ũ0, . . . , Ũ4) = (51, 18, 73, 25, 75) and the sample size by N =

∑

i Ũi = 242.
Then, the marginal likehood of the first model is given by

∫

∆1

C ·

4
∏

i=0

(θi
hθ

4−i
t )Ũidθ (1)
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while that of the second model is given by the integral

∫

∆1

C ·

4
∏

i=0

(σ0θ
i
hθ

4−i
t + σ1ρ

i
hρ

4−i)Ũidσdθdρ (2)

Here, C is the normalizing constant

N !

Ũ0! · Ũ1! · Ũ2! · Ũ3! · Ũ4!
· 1Ũ04Ũ16Ũ24Ũ31Ũ4

which ensures that the marginal likelihoods over all possible observed data
Ũ with the same sample size sum to 1. The exponents in the integrands of
(1) and (2) may be summarized with the matrix

Ã =

(

Ũ0 Ũ1 Ũ2 Ũ3 Ũ4

θt 4 3 2 1 0
θh 0 1 2 3 4

)

. (3)

Using the methods described in this paper, the first marginal likelihood works
out to be the rational number

242! · 429! · 539! · 443 · 673

51! · 18! · 73! · 25! · 75! · 969!
(4)

while the second marginal likelihood is the rational number with numerator

2805748035222313067135398014075361975978864622235225616054475981
6747367817994434767196492009426285781414295477891948457579449463
4597087353102304248971276283376084577405257325023105529808465270
3225819785515675807589251102576752971175448613852605506591528125
4761412080217673204703018187910949369084430474540784253322654356
7040606519783806275290934774387083402120463897269764933451955441
3471422043990575435789632065689304973717297696060415632400741050
5634773422386363996473847553080097785724548383890969259688769804
869503436965543936
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and denominator

3602324071338125874577562671962054628339147256791746496077298664
5794994368368890494866895070514638792643281538451620022851782244
5366346027908075890415694594639097772451285931203609676574631396
9020541775346907766998180397769609299339804266010207548603870980
8611293581738396072604546834020830055089592489029033403476636706
0574717661999313960788983299986760335032007048283774068706760885
2004726493742428623588390160566874549440724360484442163404900024
3965166858513718054240138217757464446986147063001051399626377515
3793334976819060141283354099489865061875.

The organization of the paper is as follows. In Section 2, we will define
independence models, their mixtures and their marginal likelihoods. In Sec-
tion 3, we will give a formula for the marginal likelihood integral of a mixture
model, and discuss techniques for evaluating the formula efficiently. In Sec-
tion 4, we give an overview of three existing approximation formulas for the
integral: the BIC, the Laplace approximation and Watanabe’s approxima-
tion. In Section 5, we compare these approximations with the actual values
computed by our methods, and end off by evaluating the marginal likelihood
of a real data set.

2 Independence Models and their Mixtures

The coin toss example in the previous section is an example of an indepen-
dence model and its mixture. In general, suppose we have random variables

X
(1)
1 , X

(1)
2 , . . . , X

(1)
s1

X
(2)
1 , X

(2)
2 , . . . , X

(1)
s2

· · ·

X
(k)
1 , X

(k)
2 , . . . , X

(1)
sk

where X
(i)
1 , . . . , X

(i)
si are identically distributed with values in {0, 1, . . . , ti}.

We may store the state of all the above variables with a string

v ∈ V := {0, 1, . . . , t1}
s1 × {0, 1, . . . , t2}

s2 × · · · × {0, 1, . . . , tk}
sk .
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of length n =
∏k

i=1(1 + ti)
si. Then, the independence model M for these

variables is the subset of the simplex ∆n−1 given parametrically by

pv(θ) = Prob(X
(i)
j = v

(i)
j for all i, j) =

k
∏

i=1

ti
∏

j=0

θ
(i)

v
(i)
j

for some model parameters θ
(i)
j satisfying

θ(i) = (θ
(i)
0 , θ

(i)
1 , . . . , θ

(i)
ti ) ∈ ∆ti .

The model M is thus described by d =
∑k

i=1(1 + ti) parameters and may
be summarized with a d× n matrix A where each column av corresponds to
the exponents of the parameters θ in the formula for pv. Note that A has a
constant column sum a =

∑k
i=1 si. We may represent the data for our model

by a non-negative integer vector U ∈ N
n where each entry Uv counts the

number of times the state v is observed in a sample of size N =
∑

v Uv. The
likelihood for a given data U is

LU(θ) = C ·
∏

v

pv(θ)
Uv = C · θb. (5)

where b = AU is the sufficient statistic for this model and C is the normalizing
constant N !/

∏

v Uv!. Here, θb is the monomial

k
∏

i=1

ti
∏

j=0

(θ
(i)
j )b

(i)
j

where the b
(i)
j denote the entries of b. The marginal likelihood is defined to be

the integral
∫

P
LU(θ) dθ, where P is the parameter space ∆t1×∆t2×· · ·×∆tk .

In fact, we can give an explicit formula for this integral. It is interesting that
for the independence model, evaluating the marginal likelihood is easy, just
as solving the maximum likelihood equations is easy [7, Prop 1.13].

Proposition 2.1. The marginal likelihood for the model M and data U is

∫

P

LU(θ) dθ = C ·
k
∏

i=1

ti! b
(i)
0 ! b

(i)
1 ! · · · b

(i)
ti !

(siN + ti)!
. (6)
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Proof. The main ingredients for this formula are the facts that
∫

∆t

θb0
0 θb1

1 · · · θbt
t dθ =

t! b0! b1! · · · bt!

(b0 + b1 + · · ·+ bt + t)!

and that for b = AU , b
(i)
0 + b

(i)
1 + · · · + b

(i)
ti = siN .

In general, A has many repeated columns, and in our applications, it is
useful to consider the reduced matrix Ã where all the repeated columns are
removed. This reduced matrix has

ñ =

k
∏

i=1

(

si + ti
si

)

columns. Analogously, we have the reduced data vector Ũ which is derived
from the original data vector U by summing entries corresponding to the same
repeated column. Care must be taken when talking about the likelihood of
the data, because the likelihood of the reduced data Ũ is different from that
of the original data U . Indeed, let ṽ be an element of the reduced state space,
and let aṽ be the corresponding column of Ã. Suppose αṽ is the number of
columns of A equal to aṽ. Then, the probability of observing the state ṽ is

pṽ(θ) = αṽ · θ
aṽ

Therefore, the likelihood of the reduced data Ũ is LŨ(θ) = C̃ · θb, where
b = AU = ÃŨ and the normalizing constant is

C̃ = N !
∏

ṽ

αŨṽ

ṽ /Ũṽ!

It follows that the marginal likelihood of the reduced data is also given by
the formula (6) except with the constant C replaced with C̃.

We now turn our attention to mixtures of independence models. In statis-
tics, a mixture model is a probability distribution that is a convex combina-
tion of given probability distributions. In this paper, we will study the two-
mixture M(2), although the same analysis extends to three or larger mixtures.
The mixture model M(2) has the same state space as M, and its parameter
space is the polytope Θ = ∆1 × P × P . Given some (σ, θ, ρ) ∈ ∆1 × P × P ,
the probability of observing the state v ∈ V is

pv(σ, θ, ρ) = σ0θ
av + σ1ρ

av .
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and the likelihood of data U is

LU(σ, θ, ρ) = C ·
∏

v

(σ0θ
av + σ1ρ

av)Uv (7)

where C is the same normalizing constant as that in (5). Our objective is to
evaluate exactly the marginal likelihood

∫

Θ

LU (σ, θ, ρ) dσdθdρ = C

∫

Θ

∏

v

(σ0θ
av + σ1ρ

av)Uv (8)

It is meaningful to talk about evaluating this exactly because it is a rational
number, which follows from expanding the integrand into a sum of monomials
and noting that the integral of each monomial is rational. The formulas and
techniques for doing so will be discussed in the next section. Meanwhile, we
will point out that the likelihood and marginal likelihood for the reduced
data Ũ is simply (7) and (8) except with the constant C replaced with C̃.

3 Exact Evaluation of the Integral

In this section, we will focus on computing the integral
∫

Θ

∏

v

(σ0θ
av + σ1ρ

av)Uv . (9)

We will assume that the matrix A = (av) and data vector U = (Uv) are both
reduced because reducing them does not change the value of the integral. For
simplicity, we will also denote the state space of all v by [n] := {1, 2, . . . , n}.

Our first step is to expand the integrand in (9). Write

∏

v

(σ0θ
av + σ1ρ

av)Uv =
∑

b∈ZL

A(U)
c=AU−b

φA(b, U) · σ
|b|/a
0 σ

|c|/a
1 · θb · ρc (10)

We will now explain the notations in the above formula. First, in a broad
sense, ZL

A(U) represents the set of all exponents b which appears as the
coefficient of θ in the expansion. To be precise, we first consider the zonotope

ZA(U) =
n
∑

v=1

Uv · [0, av]
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where [0, av] is the line segment between the origin and the point av ∈ R
d and

the sum is the Minkowski sum of line segments. This zonotope is isomorphic
to the Newton polytope of the integrand, i.e. the convex hull of the points
given by the exponents of the terms in the polynomial. Now, let L be the
lattice formed by the image of the linear transformation A : Z

n → Z
d. Then,

define ZL

A(U) = ZA(U) ∩ L. It is not difficult to see that the exponents b
appearing in the expansion are contained in this set. Second, the φA(b, U)
represent the coefficients of the expansion. A simple calculation shows that

φA(b, U) =
∑

Ax=b
x∈D(U)

n
∏

v=1

(

Uv

xv

)

. (11)

where D(U) = {(x1, . . . , xn) ∈ Z
n : 0 ≤ xv ≤ Uv}. Lastly, |b| represents the

L1-norm
∑d

i=1 bi of b. Now, we may integrate (10) and apply (6) to get

Proposition 3.1. The integral (9) is given by

∑

b∈ZL

A
(U)

c=AU−b

φA(b, U) ·
(|b|/a)! (|c|/a)!

(|U | + 1)!
·

k
∏

i=1

(

ti! b
(i)
0 ! · · · b

(i)
ti !

(|b(i)| + ti)!

ti! c
(i)
0 ! · · · c

(i)
ti !

(|c(i)| + ti)!

)

. (12)

We will now discuss several techniques for computing (12) rapidly. Let
us consider the storage of φA(b, U). The first important observation is that
the coefficients φA(b, U) depend only on the exponent b ∈ R

d of θ and not
on the exponents of σ and ρ, so they can be stored in a d-dimensional array.
Furthermore, b lies in the image of the matrix A which is of rank d0 =
d−k+1, so we may store the coefficients in an array of even smaller dimension.
Thirdly, by replacing xv with Uv−xv in (11), we see that φA(b, U) = φA(AU−
b, U). The means that we only need to store half the values of φA(b, U).

As for the computation of φA(b, U), one may use (11) but in practice,
this is too slow because of the many binomial coefficients which have to be
evaluated. Instead, by substituting σ = 1 and ρ = 1 into (10), we get

∏

v

(θav + 1)Uv =
∑

b∈ZL

A(U)
c=AU−b

φA(b, U) · θb.

This means that the φA(b, U) can be extracted from the expansion of the
RHS via a powerful computer algebra software such as Maple. This is the
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easiest and quickest way, though it is often not memory efficient because the
software does not exploit the storage strategies discussed previously. If we
want to avoid this software method, we may use the recurrence formula

φA(b, U) =

Un
∑

xn=0

(

Un

xn

)

φA\an
(b − xnan, U \Un). (13)

which follows from inspecting (11). Together with the storage strategies
above, this allows us to write the following dynamic programming algorithm
which runs in O(Nd0) space and O(Nd0+1) time. In the algorithm, φ is a
d0-dimensional array and φ[b] denotes the entry which stores the value of
φA(b, U). We leave out the implementation details for storing the φA(b, U)
to avoid complicating the algorithm.

Algorithm 3.2 (RECURSIVE(A, U)).
Input: The matrix A and the vector U .
Output: The coefficients φA(b, U).
Step 1: Create a d0-dimensional array φ of zeros.
Step 2: For each x ∈ {0, 1, . . . , U1}, set

φ[a1x] :=

(

U1

x

)

.

Step 3: Create a new d0-dimensional array φ′.
Step 4: For each 2 ≤ j ≤ n, do

1. Set all the entries of φ′ to 0.
2. For each x ∈ {0, 1, . . . , Uj}, do

For each non-zero entry φ[b] in φ do
Increment φ′[b + ajx] by

(

Uj

x

)

φ[b].
3. Replace φ with φ′.

Step 5: Output the array φ.

We now turn our attention to evaluating the sum (12) after the coeffi-
cients φA(b, U) have been computed. Firstly, because of the many factorials
appearing in the sum, a great way to speed things up is to precompute and
store the values of the factorials. A second way to reduce the computation
time is to find the common denominator of all the terms in the sum so that
effectively, the summands are integers and not fractions. Thirdly, note that
the summand corresponding to a given b is equal to the summand corre-
sponding to AU − b. Thus, only half the terms need to be summed. Lastly,
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we discuss what to do if there is insufficient memory to store all the values of
φA(b, U). We overcome this problem by writing the integrand as a product of
smaller factors which can be expanded separately. In particular, we partition
the columns of A into submatrices A[1], . . . , A[m] and let U [1], . . . , U [m] be the
corresponding partition of U . Thus the integrand becomes

m
∏

j=1

∏

v

(σ0θ
a
[j]
v + σ1ρ

a
[j]
v )U

[j]
v ,

where a
[j]
v is the v-th column in the matrix A[j]. The resulting algorithm for

evaluating the integral is as follows:

Algorithm 3.3 (Fast Integral).
Input: The matrices A[1], . . . , A[m], vectors U [1], . . . , U [m] and the vector t.
Output: The value of the integral (9) in exact rational arithmetic.
Step 1: For 1 ≤ j ≤ m, compute φ[j] := RECURSIVE(A[j], U [j]).
Step 2: Set I := 0.
Step 3: For each non-zero entry φ[1][b[1]] in φ[1], do

...
For each non-zero entry φ[m][b[m]] in φ[m], do

Set b := b[1] + · · ·+ b[m], c := AU − b, φ :=
∏m

j=1 φ[j][b[j]].
Increment I by

φ ·
(|b|/a)!(|c|/a)!

(|U | + 1)!
·

k
∏

i=1

ti! b
(i)
0 ! · · · b

(i)
ti !

(|b(i)| + ti)!

ti! c
(i)
0 ! · · · c

(i)
ti !

(|c(i)| + ti)!
.

Step 4: Output the sum I.

The space and time complexity of this algorithm is O(NS) and O(NT )
respectively, where S = maxi rank A[i] and T = 1 +

∑

i rankA[i]. From this,
we see that the splitting of the integrand should be chosen wisely to achieve
a good pay-off between the two complexities.

The above computational techniques have been implemented in Maple.
The library and documentation for its use are made available at

http://math.berkeley.edu/~shaowei/integrals.html.

4 Approximations of the Integral

In this section, we will discuss some well-known approximations formulas of
the marginal likelihood integral. We will not, however, be touching on Monte
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Carlo or importance sampling methods. Our overview of this broad topic is
far from being indepth or complete, so the reader is invited to refer to [1, 5]
for further information.

The motivating question behind these approximations is this: given the
data vector U = NY where Y is a fixed vector satisfying |Y | =

∑

v Yv = 1,
what can we say about the asymptotic behavior of the marginal likelihood
integral

∫

Θ
LU(θ) dθ as N → ∞? Typically, one studies the log-marginal like-

lihood log
∫

Θ
LU (θ) dθ ∈ [−∞, 0] instead because of its sensitivity to small

changes. Also, the normalizing constant C in the likelihood function LU (θ)
is often ignored because it is equal across all models for the same data vector
and we are only interested in the relative values of the integral between the
different models for the purpose of model selection. The approximations we
present below are hold under certain conditions for exponential models, i.e.
models where the log-likelihood function (ignoring the normalizing constant)
for NY is equal to N times the log-likelihood function for the averaged statis-
tics Y . Note that independence models and their mixtures are all examples
of exponential models.

The first approximation is the Bayesian Information Criterion (BIC)
which states that

log

∫

Θ

LU(θ) dθ ≈ log LU(θ̂) −
D

2
log N,

where θ̂ is the maximum likelihood estimate (MLE) and D is the dimension
of the model. For the independence model M described in Section 2, the
dimension is D = d − k while for the mixture M(2), it is D = 2(d − k) + 1.
It is assuring to see the maximum likelihood appearing in a formula for
the marginal likelihood because it shows that these two different methods of
model selection are actually closely related. Also, the correction term D

2
log N

may be thought of as a penalty for models with large dimensions, because
given enough parameters, one can always design a model that produces the
observed data vector with large probability.

The BIC is a relaxation of the Laplace approximation, which states that

log

∫

Θ

LU (θ) dθ ≈ log LU(θ̂) −
1

2
log | detH(θ̂)| +

D

2
log(2π),

where H(θ) is the Hessian matrix of the log-likelihood function log LU (θ).
The relaxation to the BIC comes from approximating log | detH(θ̂)| with
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D log N and ignoring the constant D
2

log(2π). The conditions under which
the Laplace approximation holds are as follows: fix the data vector U and
consider the log-likelihood function log LU (θ) as a function of θ ∈ Θ. We
require that log LU be twice differentiable and convex, and that log LU attains
its maximum on a single internal point θ̂ ∈ Θ. The main idea behind this
approximation is that as N → ∞, a large bulk of the integrand LU (θ) is
concentrated near the unique maxima, as illustrated in the figure below [5].

For mixtures of independence models, problems occur when the model
is non-identifiable, i.e. the mapping from the the parameter space Θ to the
distribution space ∆n−1 is not one-to-one. An example of a non-identifiable
model is the 100 Swiss Francs example in [7, Ex 1.3]. In such cases, the
likelihood function will have more than one MLE, so the BIC and Laplace
approximations are not guaranteed to work. Furthermore, the set V of MLEs
could be a variety of dimension larger than zero, rather than a finite set of
points. The situation becomes worse when the variety V has singularities.
Such problems occur frequently in areas such as machine learning. To over-
come this problem, Watanabe developed algebraic geometric methods that
relates the approximation of the marginal likelihood integral to the geometry
of the singularities [8]. His approximation may be stated roughly as

log

∫

Θ

LU(θ) dθ = log LU(θ̂) + λ log N + (m − 1) log log N + O(1),
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where λ and m are the largest pole and its multiplicity of the meromorphic
function that is analytically continued from

J(λ) =

∫

Θ

(log LU(θ) − log LU (θ̂))λ dθ, Re(λ) > 0.

Finding the largest pole and its multiplicity of J(λ) is not easy, but some
progress has been made using the technique of resolution of singularities from
algebraic geometry [3, 5, 9]. This is a intense area of research.

5 Examples

In this section, we present three examples which illustrate the themes de-
scribed in this paper. Our first example revisits the occasionally dishonest
coin tosser story in Section 1. We compare some of the various approxima-
tions against the actual value of the marginal likelihood integral computed
by our Maple code. Our second example is from [5] and it shows how model
selection based on the BIC approximation chooses the wrong model, while
Watanabe’s approximation picks the right one. We confirm their result by
producing the actual value of the marginal likelihood. Our last example
demonstrates the scope of our methods by evaluating an integral from a data
set in [4] previously thought to be infeasible.

5.1 Occasionally Dishonest Coin Tosser

In the story of the occasionally dishonest coin tosser, we may represent the
outcomes of the four coin tosses when there is only one coin by binary random
variables X1, X2, X3 and X4. This is the independence model M with k = 1,
s1 = 4, t1 = 1. The state space V = {0, 1}4 consists of binary strings of length
four, with 1 and 0 representing heads and tails respectively. The 2×16 matrix
A corresponding to the model is

A =

(

p0000 p0001 p0010 p0100 p1000 p0011 · · · p1110 p1111

θ0 4 3 3 3 3 2 · · · 1 0
θ1 0 1 1 1 1 2 · · · 3 4

)

.

After removing the repeated columns, the reduced matrix is the one shown in
(3). The two coin scenario is the two-mixture model M(2). We compute the
marginal likelihood (4) of the independence model using our Maple library
with the command
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ML([4],[1],[51,18,73,25,75],unmixed=true);

while the marginal likelihood of the mixture model is computed with

ML([4],[1],[51,18,73,25,75]);

The numerical values of these two rational numbers are listed below.

a. Independence 0.5773010420× 10−56

b. Mixture 0.7788716339× 10−22 (14)

We also compute the BIC and Laplace approximations for the mixture model.
According to [6, Ex 9], the likelihood function p51

0 p18
1 p73

2 p25
3 p75

4 has three local
maxima (p̂0, p̂1, p̂2, p̂3, p̂4) in the model M(2), and these translate into six
local maxima (σ̂, θ̂, ρ̂) in the parameter space P , which is the 3-cube. The
two global maxima (σ̂, θ̂, ρ̂) in P are

(0.3367691969, 0.02877132371, 0.6536073424)

(0.6632308031, 0.02877132371, 0.6536073424).

Both of these points in P give the same point (p̂0, p̂1, p̂2, p̂3, p̂4) in the model:

(0.12104, 0.25662, 0.20556, 0.10758, 0.30920).

Thus, the maximum likelihood value is 0.1395471101× 10−18. The following
table compares the various approximations. Here, “Actual” refers to the
base-10 logarithm of the marginal likelihood (14b).

BIC -22.43100220
Laplace -22.39666281
Actual -22.10853411

5.2 Incorrect Model Selection

We consider an experiment with six binary random variables X1, X2, . . . , X6,
and represent the states in the experiment by strings v ∈ {0, 1}6. In [5], two
graphical models M1 and M2 for these six variables were studied and they
are shown in the diagrams below.
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In each diagram, the node C is a hidden binary variable, and observed vari-
ables Xi linked to C by an edge participate in a two-mixture. The other
observed variables are independent of the mixture and of each other. For
instance, the probability of observing the state v in M1 is given by

pv = (σ0θ
(1)
v1

θ(2)
v2

θ(3)
v3

+ σ1ρ
(1)
v1

ρ(2)
v2

ρ(3)
v3

)θ(4)
v4

θ(5)
v5

θ(6)
v6

(15)

for some parameters σ, θ(i), ρ(i) ∈ ∆1, while in M2, it is given by

pv = θ(1)
v1

θ(2)
v2

(σ0θ
(3)
v3

θ(4)
v4

θ(5)
v5

θ(6)
v6

+ σ1ρ
(3)
v3

ρ(4)
v4

ρ(5)
v5

ρ(6)
v6

). (16)

Now, suppose that we have the following data for a sample size of N = 36.

X4X5X6

X1X2X3

























000 001 010 011 100 101 110 111

000 2 3 0 1 3 5 1 1
001 0 0 0 0 0 0 0 0
010 0 0 0 0 0 1 0 0
011 0 0 0 0 0 0 0 0
100 3 4 1 1 2 3 1 1
101 0 1 0 0 0 0 0 0
110 1 1 0 0 0 0 0 0
111 0 0 0 0 0 0 0 0

























For example, the entry 4 in the row 100 and column 001 implies that the state
v = 100001 was observed four times. This data was derived from averaged
statistics Y designed so that the maximum likelihood values under M1 and
M2 for Y are exactly the same.

Because the maximum likelihood for M1 and M2 under this data is the
same and BIC penalizes models with higher dimensions, the BIC approxi-
mation for M1 will be higher than that for M2. Hence, model selection via
the BIC score will prefer M1 to M2. However, Watanabe’s approximations
for the two models are

M1 : log LU (θ̂) − 5 log N + O(1)

M2 : log LU(θ̂) − 9
2
log N + O(1)

so model selection via this approximation chooses M2 over M1. We compute
the actual values of the marginal likelihood integrals for the above data. It
can be seen from (15) that the marginal likelihood for M1 is

C · I123 · I4 · I5 · I6
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where C is the normalizing constant 36!/
∏

v Uv!,

I123 =

∫

∆7
1

∏

v1v2v3

(σ0θ
(1)
v1

θ(2)
v2

θ(3)
v3

+ σ1ρ
(1)
v1

ρ(2)
v2

ρ(3)
v3

)Uv1v2v3∗∗∗dσdθdρ

I4 =

∫

∆1

∏

v4

(θ(4)
v4

)U∗∗∗v4∗∗dθ

I5 =

∫

∆1

∏

v5

(θ(5)
v5

)U∗∗∗∗v5∗dθ

I6 =

∫

∆1

∏

v6

(θ(6)
v6

)U∗∗∗∗∗v6dθ

and Uv1v2v3∗∗∗ =
∑

v4,v5,v6
Uv1v2v3v4v5v6 . The other exponents are similarly

defined. All of the four integrals above are the marginal likelihoods of some
independence or mixture model, up to a constant, so we may use our Maple
library to evaluate them. The marginal likelihood for M2 may be decomposed
in a similar way. The table below summarises the results.

M1
2673620257358279100801924830063571461298286189

595389791326672092336165244431090566358136576942917805560000000

M2
48293401975547884279365197096430603703508201757248809211637315169

8732484029714998183282865631784595248815965898643112874434441522952944832000000000

Their numerical values are 0.449 × 10−17 and 0.553 × 10−17 respectively.
Hence, model selection via the actual values of the marginal likelihoods agree
with that using Watanabe’s approximation.

5.3 Schizophrenic Patients

We conclude by applying our method to a data set taken from the Bayesian
statistics literature. Evans, Gilula and Guttman [4, §3] analyzed the associa-
tion between length (in years Y ) of hospital stay of 132 schizophrenic patients
and the frequency with which they are visited by their relatives. Their data
set is the following contingency table of format 3 × 3:

U =

2≤Y <10 10≤Y <20 20≤Y Totals
Visited regularly 43 16 3 62

Visited rarely 6 11 10 27
Visited never 9 18 16 43

Totals 58 45 29 132
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They present estimated posterior means and variances for these data, where
“each estimate requires a 9-dimensional integration” [4, p. 561]. Computing
their integrals is essentially equivalent to ours, for k = 2, s1 = s2 = 1, t1 =
t2 = 2 and N = 132. The authors emphasize that “the dimensionality of
the integral does present a problem” [4, p. 562], and they point out that “all
posterior moments can be calculated in closed form .... however, even for
modest N these expressions are far to complicated to be useful” [4, p. 559].

We disagree with that conclusion. In our view, the closed form expressions
in Section 3 are quite useful for modest sample size N . Using Algorithm 3.3,
we computed the integral (9). It is the rational number with numerator

278019488531063389120643600324989329103876140805
285242839582092569357265886675322845874097528033
99493069713103633199906939405711180837568853737

and denominator

12288402873591935400678094796599848745442833177572204
50448819979286456995185542195946815073112429169997801
33503900169921912167352239204153786645029153951176422
43298328046163472261962028461650432024356339706541132
34375318471880274818667657423749120000000000000000.

To obtain the marginal likelihood for the data U above, that rational number
(of moderate size) still needs to be multiplied with the normalizing constant

132!

43! · 16! · 3! · 6! · 11! · 10! · 9! · 18! · 16!
.
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